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PREFACE

Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Ut purus elit, vestibulum ut, place-
rat ac, adipiscing vitae, felis. Curabitur dictum gravida mauris. Nam arcu libero, nonummy
eget, consectetuer id, vulputate a, magna. Donec vehicula augue eu neque. Pellentesque ha-
bitant morbi tristique senectus et netus et malesuada fames ac turpis egestas. Mauris ut leo.
Cras viverra metus rhoncus sem. Nulla et lectus vestibulum urna fringilla ultrices. Phasellus
eu tellus sit amet tortor gravida placerat. Integer sapien est, iaculis in, pretium quis, viverra
ac, nunc. Praesent eget sem vel leo ultrices bibendum. Aenean faucibus. Morbi dolor nulla,
malesuada eu, pulvinar at, mollis ac, nulla. Curabitur auctor semper nulla. Donec varius
orci eget risus. Duis nibh mi, congue eu, accumsan eleifend, sagittis quis, diam. Duis eget
orci sit amet orci dignissim rutrum.

Nam dui ligula, fringilla a, euismod sodales, sollicitudin vel, wisi. Morbi auctor lorem non
justo. Nam lacus libero, pretium at, lobortis vitae, ultricies et, tellus. Donec aliquet, tortor
sed accumsan bibendum, erat ligula aliquet magna, vitae ornare odio metus a mi. Morbi ac
orci et nisl hendrerit mollis. Suspendisse ut massa. Cras nec ante. Pellentesque a nulla. Cum
sociis natoque penatibus et magnis dis parturient montes, nascetur ridiculus mus. Aliquam
tincidunt urna. Nulla ullamcorper vestibulum turpis. Pellentesque cursus luctus mauris.

Nulla malesuada porttitor diam. Donec felis erat, congue non, volutpat at, tincidunt tristi-
que, libero. Vivamus viverra fermentum felis. Donec nonummy pellentesque ante. Phasellus
adipiscing semper elit. Proin fermentum massa ac quam. Sed diam turpis, molestie vitae,
placerat a, molestie nec, leo. Maecenas lacinia. Nam ipsum ligula, eleifend at, accumsan nec,
suscipit a, ipsum. Morbi blandit ligula feugiat magna. Nunc eleifend consequat lorem. Sed
lacinia nulla vitae enim. Pellentesque tincidunt purus vel magna. Integer non enim. Praesent
euismod nunc eu purus. Donec bibendum quam in tellus. Nullam cursus pulvinar lectus.
Donec et mi. Nam vulputate metus eu enim. Vestibulum pellentesque felis eu massa.

Quisque ullamcorper placerat ipsum. Cras nibh. Morbi vel justo vitae lacus tincidunt
ultrices. Lorem ipsum dolor sit amet, consectetuer adipiscing elit. In hac habitasse platea
dictumst. Integer tempus convallis augue. Etiam facilisis. Nunc elementum fermentum wisi.
Aenean placerat. Ut imperdiet, enim sed gravida sollicitudin, felis odio placerat quam, ac
pulvinar elit purus eget enim. Nunc vitae tortor. Proin tempus nibh sit amet nisl. Vivamus
quis tortor vitae risus porta vehicula.

Fusce mauris. Vestibulum luctus nibh at lectus. Sed bibendum, nulla a faucibus semper,
leo velit ultricies tellus, ac venenatis arcu wisi vel nisl. Vestibulum diam. Aliquam pellentes-
que, augue quis sagittis posuere, turpis lacus congue quam, in hendrerit risus eros eget felis.
Maecenas eget erat in sapien mattis porttitor. Vestibulum porttitor. Nulla facilisi. Sed a
turpis eu lacus commodo facilisis. Morbi fringilla, wisi in dignissim interdum, justo lectus
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sagittis dui, et vehicula libero dui cursus dui. Mauris tempor ligula sed lacus. Duis cursus
enim ut augue. Cras ac magna. Cras nulla. Nulla egestas. Curabitur a leo. Quisque egestas
wisi eget nunc. Nam feugiat lacus vel est. Curabitur consectetuer.

Suspendisse vel felis. Ut lorem lorem, interdum eu, tincidunt sit amet, laoreet vitae, arcu.
Aenean faucibus pede eu ante. Praesent enim elit, rutrum at, molestie non, nonummy vel,
nisl. Ut lectus eros, malesuada sit amet, fermentum eu, sodales cursus, magna. Donec eu
purus. Quisque vehicula, urna sed ultricies auctor, pede lorem egestas dui, et convallis elit
erat sed nulla. Donec luctus. Curabitur et nunc. Aliquam dolor odio, commodo pretium,
ultricies non, pharetra in, velit. Integer arcu est, nonummy in, fermentum faucibus, egestas
vel, odio.

Sed commodo posuere pede. Mauris ut est. Ut quis purus. Sed ac odio. Sed vehicula
hendrerit sem. Duis non odio. Morbi ut dui. Sed accumsan risus eget odio. In hac habitasse
platea dictumst. Pellentesque non elit. Fusce sed justo eu urna porta tincidunt. Mauris felis
odio, sollicitudin sed, volutpat a, ornare ac, erat. Morbi quis dolor. Donec pellentesque, erat
ac sagittis semper, nunc dui lobortis purus, quis congue purus metus ultricies tellus. Proin
et quam. Class aptent taciti sociosqu ad litora torquent per conubia nostra, per inceptos
hymenaeos. Praesent sapien turpis, fermentum vel, eleifend faucibus, vehicula eu, lacus.
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CHAPTER 1

BLACK-SCHOLES MODEL FOR PRICING
CALL AND PUT OPTIONS

1 Assumptions of the Black-
Scholes Model . . . . . . . . . 16

2 Derivation of the Black-
Scholes Equation . . . . . . . 16

3 Solution to the Black-Scholes
Equation for Call Options . . 17

4 Solution to the Black-Scholes
Equation for Put Options . . 18

5 Greeks in the Black-Scholes
Model . . . . . . . . . . . . . 18

6 Numerical Examples . . . . . 19
7 Conclusion . . . . . . . . . . . 19

The Black-Scholes model is a mathematical
model for pricing an options contract. The
model was developed by Fischer Black, My-
ron Scholes, and Robert Merton in the early
1970s and is a cornerstone of modern finan-
cial theory. The Black-Scholes model pro-
vides a closed-form solution for the price of
European call and put options.
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16 Black-Scholes Model for Pricing Call and Put Options

1 Assumptions of the Black-Scholes Model

The Black-Scholes model is based on several assumptions:

Assumption 1.1: The assumptions of Black-Scholes model

1. The stock price follows a geometric Brownian motion with constant drift and
volatility.

2. There are no arbitrage opportunities.

3. The markets are frictionless, with no transaction costs or taxes.

4. The risk-free interest rate is constant and known.

5. The options can only be exercised at expiration (European options).

2 Derivation of the Black-Scholes Equation

The derivation of the Black-Scholes equation involves the use of Ito’s Lemma and the concept
of a risk-neutral portfolio. Consider a stock whose price S(t) follows the stochastic differential
equation:

dS = µSdt+ σSdW (1.1)

where:

• µ is the drift rate of the stock.

• σ is the volatility of the stock.

• W is a Wiener process or Brownian motion.

Definition 2.1: Call and Put Options

• Call Option: Gives the holder the right (but not the obligation) to buy an asset
at a predefined date and price (strike price).

• Put Option: Gives the holder the right (but not the obligation) to sell an asset
at a predefined date and price (strike price).

Under the black and scholes assumptions we the PDE of the price of an European Call :

Theorem 2.2: Black and Scholes PDE

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC (1.2)
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Proof for Theorem.

Using Ito’s Lemma we get :

dC =
∂C

∂t
dt+

∂C

∂S
dS +

1

2

∂2C

∂S2
σ2S2dt (1.3)

Substituting dS into the equation, we get:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (1.4)

This can be rearranged to:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (1.5)

We form a risk-free portfolio by holding a position in the stock and an option. The
change in the value of the portfolio is:

Π = −C +∆S (1.6)

The change in the portfolio value is:

dΠ = −dC +∆dS (1.7)

Substituting dC and dS, and choosing ∆ = ∂C
∂S

, we get:

dΠ = −
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
dt (1.8)

For the portfolio to be risk-free, dΠ must earn the risk-free rate r:

−
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
= r

(
−C +

∂C

∂S
S

)
(1.9)

Simplifying, we get the Black-Scholes partial differential equation:

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC

■

3 Solution to the Black-Scholes Equation for Call Options

To solve the Black-Scholes equation, we apply the boundary condition for a European call
option:

C(S, T ) = max(ST −K, 0) (1.10)

where K is the strike price and T is the time to expiration.
Using the method of transforming variables, we obtain the solution for a call option:
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Theorem 3.1: Black and Scholes formulas

The price of a call under black and scholes model is :

C(S, t) = SΦ(d1)−Ke−r(T−t)Φ(d2) (1.11)

where:

d1 =
ln
(
S
K

)
+
(
r + σ2

2

)
(T − t)

σ
√
T − t

(1.12)

d2 = d1 − σ
√
T − t (1.13)

and Φ is the cumulative distribution function of the standard normal distribution.

Proof for Theorem.

Left exercise for reader. ■

4 Solution to the Black-Scholes Equation for Put Options

Similarly, for a European put option, the boundary condition is:

P (S, T ) = max(K − ST , 0) (1.14)

The solution for a put option is given by:

P (S, t) = Ke−r(T−t)Φ(−d2)− SΦ(−d1) (1.15)

5 Greeks in the Black-Scholes Model

The Greeks are sensitivities of the option price to various factors:

5.1 Delta

Delta measures the sensitivity of the option price to changes in the underlying asset price:

∆C =
∂C

∂S
= Φ(d1) (1.16)

∆P =
∂P

∂S
= Φ(d1)− 1 (1.17)

5.2 Gamma

Gamma measures the sensitivity of delta to changes in the underlying asset price:



Black-Scholes Model for Pricing Call and Put Options 19

Γ =
∂2C

∂S2
=

Φ′(d1)

Sσ
√
T − t

(1.18)

5.3 Theta

Theta measures the sensitivity of the option price to the passage of time:

ΘC = −SΦ′(d1)σ

2
√
T − t

− rKe−r(T−t)Φ(d2) (1.19)

ΘP = −SΦ′(d1)σ

2
√
T − t

+ rKe−r(T−t)Φ(−d2) (1.20)

5.4 Vega

Vega measures the sensitivity of the option price to changes in volatility:

ν =
∂C

∂σ
=

∂P

∂σ
= S

√
T − tΦ′(d1) (1.21)

5.5 Rho

Rho measures the sensitivity of the option price to changes in the risk-free interest rate:

ρC = K(T − t)e−r(T−t)Φ(d2) (1.22)

ρP = −K(T − t)e−r(T−t)Φ(−d2) (1.23)

6 Numerical Examples

Example : Call Option Pricing
Consider a European call option with S = 100, K = 100, r = 0.05, σ = 0.2, and T = 1
year. Using the Black-Scholes formula, we calculate the call option price. ■

7 Conclusion

The Black-Scholes model is a fundamental tool in financial markets for pricing options. It
provides insights into the behavior of option prices and the factors that affect them. Under-
standing the model and its derivations is crucial for anyone involved in finance.
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1 Assumptions of the Black-Scholes Model

The Black-Scholes model is based on several assumptions:

Assumption 1.1: The assumptions of Black-Scholes model

1. The stock price follows a geometric Brownian motion with constant drift and
volatility.

2. There are no arbitrage opportunities.

3. The markets are frictionless, with no transaction costs or taxes.

4. The risk-free interest rate is constant and known.

5. The options can only be exercised at expiration (European options).

2 Derivation of the Black-Scholes Equation

The derivation of the Black-Scholes equation involves the use of Ito’s Lemma and the concept
of a risk-neutral portfolio. Consider a stock whose price S(t) follows the stochastic differential
equation:

dS = µSdt+ σSdW (2.1)

where:

• µ is the drift rate of the stock.

• σ is the volatility of the stock.

• W is a Wiener process or Brownian motion.

Definition 2.1: Call and Put Options

• Call Option: Gives the holder the right (but not the obligation) to buy an asset
at a predefined date and price (strike price).

• Put Option: Gives the holder the right (but not the obligation) to sell an asset
at a predefined date and price (strike price).

Under the black and scholes assumptions we the PDE of the price of an European Call :

Theorem 2.2: Black and Scholes PDE

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC (2.2)
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Proof for Theorem.

Using Ito’s Lemma we get :

dC =
∂C

∂t
dt+

∂C

∂S
dS +

1

2

∂2C

∂S2
σ2S2dt (2.3)

Substituting dS into the equation, we get:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (2.4)

This can be rearranged to:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (2.5)

We form a risk-free portfolio by holding a position in the stock and an option. The
change in the value of the portfolio is:

Π = −C +∆S (2.6)

The change in the portfolio value is:

dΠ = −dC +∆dS (2.7)

Substituting dC and dS, and choosing ∆ = ∂C
∂S

, we get:

dΠ = −
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
dt (2.8)

For the portfolio to be risk-free, dΠ must earn the risk-free rate r:

−
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
= r

(
−C +

∂C

∂S
S

)
(2.9)

Simplifying, we get the Black-Scholes partial differential equation:

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC

■

3 Solution to the Black-Scholes Equation for Call Options

To solve the Black-Scholes equation, we apply the boundary condition for a European call
option:

C(S, T ) = max(ST −K, 0) (2.10)

where K is the strike price and T is the time to expiration.
Using the method of transforming variables, we obtain the solution for a call option:



24 Black-Scholes Model for Pricing Call and Put Options

Theorem 3.1: Black and Scholes formulas

The price of a call under black and scholes model is :

C(S, t) = SΦ(d1)−Ke−r(T−t)Φ(d2) (2.11)

where:

d1 =
ln
(
S
K

)
+
(
r + σ2

2

)
(T − t)

σ
√
T − t

(2.12)

d2 = d1 − σ
√
T − t (2.13)

and Φ is the cumulative distribution function of the standard normal distribution.

Proof for Theorem.

Left exercise for reader. ■

4 Solution to the Black-Scholes Equation for Put Options

Similarly, for a European put option, the boundary condition is:

P (S, T ) = max(K − ST , 0) (2.14)

The solution for a put option is given by:

P (S, t) = Ke−r(T−t)Φ(−d2)− SΦ(−d1) (2.15)

5 Greeks in the Black-Scholes Model

The Greeks are sensitivities of the option price to various factors:

5.1 Delta

Delta measures the sensitivity of the option price to changes in the underlying asset price:

∆C =
∂C

∂S
= Φ(d1) (2.16)

∆P =
∂P

∂S
= Φ(d1)− 1 (2.17)

5.2 Gamma

Gamma measures the sensitivity of delta to changes in the underlying asset price:
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Γ =
∂2C

∂S2
=

Φ′(d1)

Sσ
√
T − t

(2.18)

5.3 Theta

Theta measures the sensitivity of the option price to the passage of time:

ΘC = −SΦ′(d1)σ

2
√
T − t

− rKe−r(T−t)Φ(d2) (2.19)

ΘP = −SΦ′(d1)σ

2
√
T − t

+ rKe−r(T−t)Φ(−d2) (2.20)

5.4 Vega

Vega measures the sensitivity of the option price to changes in volatility:

ν =
∂C

∂σ
=

∂P

∂σ
= S

√
T − tΦ′(d1) (2.21)

5.5 Rho

Rho measures the sensitivity of the option price to changes in the risk-free interest rate:

ρC = K(T − t)e−r(T−t)Φ(d2) (2.22)

ρP = −K(T − t)e−r(T−t)Φ(−d2) (2.23)

6 Numerical Examples

Example : Call Option Pricing
Consider a European call option with S = 100, K = 100, r = 0.05, σ = 0.2, and T = 1
year. Using the Black-Scholes formula, we calculate the call option price. ■

7 Conclusion

The Black-Scholes model is a fundamental tool in financial markets for pricing options. It
provides insights into the behavior of option prices and the factors that affect them. Under-
standing the model and its derivations is crucial for anyone involved in finance.
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1 Assumptions of the Black-Scholes Model

The Black-Scholes model is based on several assumptions:

Assumption 1.1: The assumptions of Black-Scholes model

1. The stock price follows a geometric Brownian motion with constant drift and
volatility.

2. There are no arbitrage opportunities.

3. The markets are frictionless, with no transaction costs or taxes.

4. The risk-free interest rate is constant and known.

5. The options can only be exercised at expiration (European options).

2 Derivation of the Black-Scholes Equation

The derivation of the Black-Scholes equation involves the use of Ito’s Lemma and the concept
of a risk-neutral portfolio. Consider a stock whose price S(t) follows the stochastic differential
equation:

dS = µSdt+ σSdW (3.1)

where:

• µ is the drift rate of the stock.

• σ is the volatility of the stock.

• W is a Wiener process or Brownian motion.

Definition 2.1: Call and Put Options

• Call Option: Gives the holder the right (but not the obligation) to buy an asset
at a predefined date and price (strike price).

• Put Option: Gives the holder the right (but not the obligation) to sell an asset
at a predefined date and price (strike price).

Under the black and scholes assumptions we the PDE of the price of an European Call :

Theorem 2.2: Black and Scholes PDE

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC (3.2)
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Proof for Theorem.

Using Ito’s Lemma we get :

dC =
∂C

∂t
dt+

∂C

∂S
dS +

1

2

∂2C

∂S2
σ2S2dt (3.3)

Substituting dS into the equation, we get:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (3.4)

This can be rearranged to:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (3.5)

We form a risk-free portfolio by holding a position in the stock and an option. The
change in the value of the portfolio is:

Π = −C +∆S (3.6)

The change in the portfolio value is:

dΠ = −dC +∆dS (3.7)

Substituting dC and dS, and choosing ∆ = ∂C
∂S

, we get:

dΠ = −
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
dt (3.8)

For the portfolio to be risk-free, dΠ must earn the risk-free rate r:

−
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
= r

(
−C +

∂C

∂S
S

)
(3.9)

Simplifying, we get the Black-Scholes partial differential equation:

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC

■

3 Solution to the Black-Scholes Equation for Call Options

To solve the Black-Scholes equation, we apply the boundary condition for a European call
option:

C(S, T ) = max(ST −K, 0) (3.10)

where K is the strike price and T is the time to expiration.
Using the method of transforming variables, we obtain the solution for a call option:
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Theorem 3.1: Black and Scholes formulas

The price of a call under black and scholes model is :

C(S, t) = SΦ(d1)−Ke−r(T−t)Φ(d2) (3.11)

where:

d1 =
ln
(
S
K

)
+
(
r + σ2

2

)
(T − t)

σ
√
T − t

(3.12)

d2 = d1 − σ
√
T − t (3.13)

and Φ is the cumulative distribution function of the standard normal distribution.

Proof for Theorem.

Left exercise for reader. ■

4 Solution to the Black-Scholes Equation for Put Options

Similarly, for a European put option, the boundary condition is:

P (S, T ) = max(K − ST , 0) (3.14)

The solution for a put option is given by:

P (S, t) = Ke−r(T−t)Φ(−d2)− SΦ(−d1) (3.15)

5 Greeks in the Black-Scholes Model

The Greeks are sensitivities of the option price to various factors:

5.1 Delta

Delta measures the sensitivity of the option price to changes in the underlying asset price:

∆C =
∂C

∂S
= Φ(d1) (3.16)

∆P =
∂P

∂S
= Φ(d1)− 1 (3.17)

5.2 Gamma

Gamma measures the sensitivity of delta to changes in the underlying asset price:
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Γ =
∂2C

∂S2
=

Φ′(d1)

Sσ
√
T − t

(3.18)

5.3 Theta

Theta measures the sensitivity of the option price to the passage of time:

ΘC = −SΦ′(d1)σ

2
√
T − t

− rKe−r(T−t)Φ(d2) (3.19)

ΘP = −SΦ′(d1)σ

2
√
T − t

+ rKe−r(T−t)Φ(−d2) (3.20)

5.4 Vega

Vega measures the sensitivity of the option price to changes in volatility:

ν =
∂C

∂σ
=

∂P

∂σ
= S

√
T − tΦ′(d1) (3.21)

5.5 Rho

Rho measures the sensitivity of the option price to changes in the risk-free interest rate:

ρC = K(T − t)e−r(T−t)Φ(d2) (3.22)

ρP = −K(T − t)e−r(T−t)Φ(−d2) (3.23)

6 Numerical Examples

Example : Call Option Pricing
Consider a European call option with S = 100, K = 100, r = 0.05, σ = 0.2, and T = 1
year. Using the Black-Scholes formula, we calculate the call option price. ■

7 Conclusion

The Black-Scholes model is a fundamental tool in financial markets for pricing options. It
provides insights into the behavior of option prices and the factors that affect them. Under-
standing the model and its derivations is crucial for anyone involved in finance.
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1 Assumptions of the Black-Scholes Model

The Black-Scholes model is based on several assumptions:

Assumption 1.1: The assumptions of Black-Scholes model

1. The stock price follows a geometric Brownian motion with constant drift and
volatility.

2. There are no arbitrage opportunities.

3. The markets are frictionless, with no transaction costs or taxes.

4. The risk-free interest rate is constant and known.

5. The options can only be exercised at expiration (European options).

2 Derivation of the Black-Scholes Equation

The derivation of the Black-Scholes equation involves the use of Ito’s Lemma and the concept
of a risk-neutral portfolio. Consider a stock whose price S(t) follows the stochastic differential
equation:

dS = µSdt+ σSdW (1.1)

where:

• µ is the drift rate of the stock.

• σ is the volatility of the stock.

• W is a Wiener process or Brownian motion.

Definition 2.1: Call and Put Options

• Call Option: Gives the holder the right (but not the obligation) to buy an asset
at a predefined date and price (strike price).

• Put Option: Gives the holder the right (but not the obligation) to sell an asset
at a predefined date and price (strike price).

Under the black and scholes assumptions we the PDE of the price of an European Call :

Theorem 2.2: Black and Scholes PDE

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC (1.2)



Black-Scholes Model for Pricing Call and Put Options 37

Proof for Theorem.

Using Ito’s Lemma we get :

dC =
∂C

∂t
dt+

∂C

∂S
dS +

1

2

∂2C

∂S2
σ2S2dt (1.3)

Substituting dS into the equation, we get:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (1.4)

This can be rearranged to:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (1.5)

We form a risk-free portfolio by holding a position in the stock and an option. The
change in the value of the portfolio is:

Π = −C +∆S (1.6)

The change in the portfolio value is:

dΠ = −dC +∆dS (1.7)

Substituting dC and dS, and choosing ∆ = ∂C
∂S

, we get:

dΠ = −
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
dt (1.8)

For the portfolio to be risk-free, dΠ must earn the risk-free rate r:

−
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
= r

(
−C +

∂C

∂S
S

)
(1.9)

Simplifying, we get the Black-Scholes partial differential equation:

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC

■

3 Solution to the Black-Scholes Equation for Call Options

To solve the Black-Scholes equation, we apply the boundary condition for a European call
option:

C(S, T ) = max(ST −K, 0) (1.10)

where K is the strike price and T is the time to expiration.
Using the method of transforming variables, we obtain the solution for a call option:
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Theorem 3.1: Black and Scholes formulas

The price of a call under black and scholes model is :

C(S, t) = SΦ(d1)−Ke−r(T−t)Φ(d2) (1.11)

where:

d1 =
ln
(
S
K

)
+
(
r + σ2

2

)
(T − t)

σ
√
T − t

(1.12)

d2 = d1 − σ
√
T − t (1.13)

and Φ is the cumulative distribution function of the standard normal distribution.

Proof for Theorem.

Left exercise for reader. ■

4 Solution to the Black-Scholes Equation for Put Options

Similarly, for a European put option, the boundary condition is:

P (S, T ) = max(K − ST , 0) (1.14)

The solution for a put option is given by:

P (S, t) = Ke−r(T−t)Φ(−d2)− SΦ(−d1) (1.15)

5 Greeks in the Black-Scholes Model

The Greeks are sensitivities of the option price to various factors:

5.1 Delta

Delta measures the sensitivity of the option price to changes in the underlying asset price:

∆C =
∂C

∂S
= Φ(d1) (1.16)

∆P =
∂P

∂S
= Φ(d1)− 1 (1.17)

5.2 Gamma

Gamma measures the sensitivity of delta to changes in the underlying asset price:
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Γ =
∂2C

∂S2
=

Φ′(d1)

Sσ
√
T − t

(1.18)

5.3 Theta

Theta measures the sensitivity of the option price to the passage of time:

ΘC = −SΦ′(d1)σ

2
√
T − t

− rKe−r(T−t)Φ(d2) (1.19)

ΘP = −SΦ′(d1)σ

2
√
T − t

+ rKe−r(T−t)Φ(−d2) (1.20)

5.4 Vega

Vega measures the sensitivity of the option price to changes in volatility:

ν =
∂C

∂σ
=

∂P

∂σ
= S

√
T − tΦ′(d1) (1.21)

5.5 Rho

Rho measures the sensitivity of the option price to changes in the risk-free interest rate:

ρC = K(T − t)e−r(T−t)Φ(d2) (1.22)

ρP = −K(T − t)e−r(T−t)Φ(−d2) (1.23)

6 Numerical Examples

Example : Call Option Pricing
Consider a European call option with S = 100, K = 100, r = 0.05, σ = 0.2, and T = 1
year. Using the Black-Scholes formula, we calculate the call option price. ■

7 Conclusion

The Black-Scholes model is a fundamental tool in financial markets for pricing options. It
provides insights into the behavior of option prices and the factors that affect them. Under-
standing the model and its derivations is crucial for anyone involved in finance.
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1 Assumptions of the Black-Scholes Model

The Black-Scholes model is based on several assumptions:

Assumption 1.1: The assumptions of Black-Scholes model

1. The stock price follows a geometric Brownian motion with constant drift and
volatility.

2. There are no arbitrage opportunities.

3. The markets are frictionless, with no transaction costs or taxes.

4. The risk-free interest rate is constant and known.

5. The options can only be exercised at expiration (European options).

2 Derivation of the Black-Scholes Equation

The derivation of the Black-Scholes equation involves the use of Ito’s Lemma and the concept
of a risk-neutral portfolio. Consider a stock whose price S(t) follows the stochastic differential
equation:

dS = µSdt+ σSdW (2.1)

where:

• µ is the drift rate of the stock.

• σ is the volatility of the stock.

• W is a Wiener process or Brownian motion.

Definition 2.1: Call and Put Options

• Call Option: Gives the holder the right (but not the obligation) to buy an asset
at a predefined date and price (strike price).

• Put Option: Gives the holder the right (but not the obligation) to sell an asset
at a predefined date and price (strike price).

Under the black and scholes assumptions we the PDE of the price of an European Call :

Theorem 2.2: Black and Scholes PDE

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC (2.2)
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Proof for Theorem.

Using Ito’s Lemma we get :

dC =
∂C

∂t
dt+

∂C

∂S
dS +

1

2

∂2C

∂S2
σ2S2dt (2.3)

Substituting dS into the equation, we get:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (2.4)

This can be rearranged to:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (2.5)

We form a risk-free portfolio by holding a position in the stock and an option. The
change in the value of the portfolio is:

Π = −C +∆S (2.6)

The change in the portfolio value is:

dΠ = −dC +∆dS (2.7)

Substituting dC and dS, and choosing ∆ = ∂C
∂S

, we get:

dΠ = −
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
dt (2.8)

For the portfolio to be risk-free, dΠ must earn the risk-free rate r:

−
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
= r

(
−C +

∂C

∂S
S

)
(2.9)

Simplifying, we get the Black-Scholes partial differential equation:

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC

■

3 Solution to the Black-Scholes Equation for Call Options

To solve the Black-Scholes equation, we apply the boundary condition for a European call
option:

C(S, T ) = max(ST −K, 0) (2.10)

where K is the strike price and T is the time to expiration.
Using the method of transforming variables, we obtain the solution for a call option:
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Theorem 3.1: Black and Scholes formulas

The price of a call under black and scholes model is :

C(S, t) = SΦ(d1)−Ke−r(T−t)Φ(d2) (2.11)

where:

d1 =
ln
(
S
K

)
+
(
r + σ2

2

)
(T − t)

σ
√
T − t

(2.12)

d2 = d1 − σ
√
T − t (2.13)

and Φ is the cumulative distribution function of the standard normal distribution.

Proof for Theorem.

Left exercise for reader. ■

4 Solution to the Black-Scholes Equation for Put Options

Similarly, for a European put option, the boundary condition is:

P (S, T ) = max(K − ST , 0) (2.14)

The solution for a put option is given by:

P (S, t) = Ke−r(T−t)Φ(−d2)− SΦ(−d1) (2.15)

5 Greeks in the Black-Scholes Model

The Greeks are sensitivities of the option price to various factors:

5.1 Delta

Delta measures the sensitivity of the option price to changes in the underlying asset price:

∆C =
∂C

∂S
= Φ(d1) (2.16)

∆P =
∂P

∂S
= Φ(d1)− 1 (2.17)

5.2 Gamma

Gamma measures the sensitivity of delta to changes in the underlying asset price:
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Γ =
∂2C

∂S2
=

Φ′(d1)

Sσ
√
T − t

(2.18)

5.3 Theta

Theta measures the sensitivity of the option price to the passage of time:

ΘC = −SΦ′(d1)σ

2
√
T − t

− rKe−r(T−t)Φ(d2) (2.19)

ΘP = −SΦ′(d1)σ

2
√
T − t

+ rKe−r(T−t)Φ(−d2) (2.20)

5.4 Vega

Vega measures the sensitivity of the option price to changes in volatility:

ν =
∂C

∂σ
=

∂P

∂σ
= S

√
T − tΦ′(d1) (2.21)

5.5 Rho

Rho measures the sensitivity of the option price to changes in the risk-free interest rate:

ρC = K(T − t)e−r(T−t)Φ(d2) (2.22)

ρP = −K(T − t)e−r(T−t)Φ(−d2) (2.23)

6 Numerical Examples

Example : Call Option Pricing
Consider a European call option with S = 100, K = 100, r = 0.05, σ = 0.2, and T = 1
year. Using the Black-Scholes formula, we calculate the call option price. ■

7 Conclusion

The Black-Scholes model is a fundamental tool in financial markets for pricing options. It
provides insights into the behavior of option prices and the factors that affect them. Under-
standing the model and its derivations is crucial for anyone involved in finance.
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1 Assumptions of the Black-Scholes Model

The Black-Scholes model is based on several assumptions:

Assumption 1.1: The assumptions of Black-Scholes model

1. The stock price follows a geometric Brownian motion with constant drift and
volatility.

2. There are no arbitrage opportunities.

3. The markets are frictionless, with no transaction costs or taxes.

4. The risk-free interest rate is constant and known.

5. The options can only be exercised at expiration (European options).

2 Derivation of the Black-Scholes Equation

The derivation of the Black-Scholes equation involves the use of Ito’s Lemma and the concept
of a risk-neutral portfolio. Consider a stock whose price S(t) follows the stochastic differential
equation:

dS = µSdt+ σSdW (3.1)

where:

• µ is the drift rate of the stock.

• σ is the volatility of the stock.

• W is a Wiener process or Brownian motion.

Definition 2.1: Call and Put Options

• Call Option: Gives the holder the right (but not the obligation) to buy an asset
at a predefined date and price (strike price).

• Put Option: Gives the holder the right (but not the obligation) to sell an asset
at a predefined date and price (strike price).

Under the black and scholes assumptions we the PDE of the price of an European Call :

Theorem 2.2: Black and Scholes PDE

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC (3.2)
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Proof for Theorem.

Using Ito’s Lemma we get :

dC =
∂C

∂t
dt+

∂C

∂S
dS +

1

2

∂2C

∂S2
σ2S2dt (3.3)

Substituting dS into the equation, we get:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (3.4)

This can be rearranged to:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (3.5)

We form a risk-free portfolio by holding a position in the stock and an option. The
change in the value of the portfolio is:

Π = −C +∆S (3.6)

The change in the portfolio value is:

dΠ = −dC +∆dS (3.7)

Substituting dC and dS, and choosing ∆ = ∂C
∂S

, we get:

dΠ = −
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
dt (3.8)

For the portfolio to be risk-free, dΠ must earn the risk-free rate r:

−
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
= r

(
−C +

∂C

∂S
S

)
(3.9)

Simplifying, we get the Black-Scholes partial differential equation:

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC

■

3 Solution to the Black-Scholes Equation for Call Options

To solve the Black-Scholes equation, we apply the boundary condition for a European call
option:

C(S, T ) = max(ST −K, 0) (3.10)

where K is the strike price and T is the time to expiration.
Using the method of transforming variables, we obtain the solution for a call option:
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Theorem 3.1: Black and Scholes formulas

The price of a call under black and scholes model is :

C(S, t) = SΦ(d1)−Ke−r(T−t)Φ(d2) (3.11)

where:

d1 =
ln
(
S
K

)
+
(
r + σ2

2

)
(T − t)

σ
√
T − t

(3.12)

d2 = d1 − σ
√
T − t (3.13)

and Φ is the cumulative distribution function of the standard normal distribution.

Proof for Theorem.

Left exercise for reader. ■

4 Solution to the Black-Scholes Equation for Put Options

Similarly, for a European put option, the boundary condition is:

P (S, T ) = max(K − ST , 0) (3.14)

The solution for a put option is given by:

P (S, t) = Ke−r(T−t)Φ(−d2)− SΦ(−d1) (3.15)

5 Greeks in the Black-Scholes Model

The Greeks are sensitivities of the option price to various factors:

5.1 Delta

Delta measures the sensitivity of the option price to changes in the underlying asset price:

∆C =
∂C

∂S
= Φ(d1) (3.16)

∆P =
∂P

∂S
= Φ(d1)− 1 (3.17)

5.2 Gamma

Gamma measures the sensitivity of delta to changes in the underlying asset price:
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Γ =
∂2C

∂S2
=

Φ′(d1)

Sσ
√
T − t

(3.18)

5.3 Theta

Theta measures the sensitivity of the option price to the passage of time:

ΘC = −SΦ′(d1)σ

2
√
T − t

− rKe−r(T−t)Φ(d2) (3.19)

ΘP = −SΦ′(d1)σ

2
√
T − t

+ rKe−r(T−t)Φ(−d2) (3.20)

5.4 Vega

Vega measures the sensitivity of the option price to changes in volatility:

ν =
∂C

∂σ
=

∂P

∂σ
= S

√
T − tΦ′(d1) (3.21)

5.5 Rho

Rho measures the sensitivity of the option price to changes in the risk-free interest rate:

ρC = K(T − t)e−r(T−t)Φ(d2) (3.22)

ρP = −K(T − t)e−r(T−t)Φ(−d2) (3.23)

6 Numerical Examples

Example : Call Option Pricing
Consider a European call option with S = 100, K = 100, r = 0.05, σ = 0.2, and T = 1
year. Using the Black-Scholes formula, we calculate the call option price. ■

7 Conclusion

The Black-Scholes model is a fundamental tool in financial markets for pricing options. It
provides insights into the behavior of option prices and the factors that affect them. Under-
standing the model and its derivations is crucial for anyone involved in finance.
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1 Assumptions of the Black-Scholes Model

The Black-Scholes model is based on several assumptions:

Assumption 1.1: The assumptions of Black-Scholes model

1. The stock price follows a geometric Brownian motion with constant drift and
volatility.

2. There are no arbitrage opportunities.

3. The markets are frictionless, with no transaction costs or taxes.

4. The risk-free interest rate is constant and known.

5. The options can only be exercised at expiration (European options).

2 Derivation of the Black-Scholes Equation

The derivation of the Black-Scholes equation involves the use of Ito’s Lemma and the concept
of a risk-neutral portfolio. Consider a stock whose price S(t) follows the stochastic differential
equation:

dS = µSdt+ σSdW (1.1)

where:

• µ is the drift rate of the stock.

• σ is the volatility of the stock.

• W is a Wiener process or Brownian motion.

Definition 2.1: Call and Put Options

• Call Option: Gives the holder the right (but not the obligation) to buy an asset
at a predefined date and price (strike price).

• Put Option: Gives the holder the right (but not the obligation) to sell an asset
at a predefined date and price (strike price).

Under the black and scholes assumptions we the PDE of the price of an European Call :

Theorem 2.2: Black and Scholes PDE

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC (1.2)
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Proof for Theorem.

Using Ito’s Lemma we get :

dC =
∂C

∂t
dt+

∂C

∂S
dS +

1

2

∂2C

∂S2
σ2S2dt (1.3)

Substituting dS into the equation, we get:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (1.4)

This can be rearranged to:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (1.5)

We form a risk-free portfolio by holding a position in the stock and an option. The
change in the value of the portfolio is:

Π = −C +∆S (1.6)

The change in the portfolio value is:

dΠ = −dC +∆dS (1.7)

Substituting dC and dS, and choosing ∆ = ∂C
∂S

, we get:

dΠ = −
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
dt (1.8)

For the portfolio to be risk-free, dΠ must earn the risk-free rate r:

−
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
= r

(
−C +

∂C

∂S
S

)
(1.9)

Simplifying, we get the Black-Scholes partial differential equation:

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC

■

3 Solution to the Black-Scholes Equation for Call Options

To solve the Black-Scholes equation, we apply the boundary condition for a European call
option:

C(S, T ) = max(ST −K, 0) (1.10)

where K is the strike price and T is the time to expiration.
Using the method of transforming variables, we obtain the solution for a call option:
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Theorem 3.1: Black and Scholes formulas

The price of a call under black and scholes model is :

C(S, t) = SΦ(d1)−Ke−r(T−t)Φ(d2) (1.11)

where:

d1 =
ln
(
S
K

)
+
(
r + σ2

2

)
(T − t)

σ
√
T − t

(1.12)

d2 = d1 − σ
√
T − t (1.13)

and Φ is the cumulative distribution function of the standard normal distribution.

Proof for Theorem.

Left exercise for reader. ■

4 Solution to the Black-Scholes Equation for Put Options

Similarly, for a European put option, the boundary condition is:

P (S, T ) = max(K − ST , 0) (1.14)

The solution for a put option is given by:

P (S, t) = Ke−r(T−t)Φ(−d2)− SΦ(−d1) (1.15)

5 Greeks in the Black-Scholes Model

The Greeks are sensitivities of the option price to various factors:

5.1 Delta

Delta measures the sensitivity of the option price to changes in the underlying asset price:

∆C =
∂C

∂S
= Φ(d1) (1.16)

∆P =
∂P

∂S
= Φ(d1)− 1 (1.17)

5.2 Gamma

Gamma measures the sensitivity of delta to changes in the underlying asset price:
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Γ =
∂2C

∂S2
=

Φ′(d1)

Sσ
√
T − t

(1.18)

5.3 Theta

Theta measures the sensitivity of the option price to the passage of time:

ΘC = −SΦ′(d1)σ

2
√
T − t

− rKe−r(T−t)Φ(d2) (1.19)

ΘP = −SΦ′(d1)σ

2
√
T − t

+ rKe−r(T−t)Φ(−d2) (1.20)

5.4 Vega

Vega measures the sensitivity of the option price to changes in volatility:

ν =
∂C

∂σ
=

∂P

∂σ
= S

√
T − tΦ′(d1) (1.21)

5.5 Rho

Rho measures the sensitivity of the option price to changes in the risk-free interest rate:

ρC = K(T − t)e−r(T−t)Φ(d2) (1.22)

ρP = −K(T − t)e−r(T−t)Φ(−d2) (1.23)

6 Numerical Examples

Example : Call Option Pricing
Consider a European call option with S = 100, K = 100, r = 0.05, σ = 0.2, and T = 1
year. Using the Black-Scholes formula, we calculate the call option price. ■

7 Conclusion

The Black-Scholes model is a fundamental tool in financial markets for pricing options. It
provides insights into the behavior of option prices and the factors that affect them. Under-
standing the model and its derivations is crucial for anyone involved in finance.
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1 Assumptions of the Black-Scholes Model

The Black-Scholes model is based on several assumptions:

Assumption 1.1: The assumptions of Black-Scholes model

1. The stock price follows a geometric Brownian motion with constant drift and
volatility.

2. There are no arbitrage opportunities.

3. The markets are frictionless, with no transaction costs or taxes.

4. The risk-free interest rate is constant and known.

5. The options can only be exercised at expiration (European options).

2 Derivation of the Black-Scholes Equation

The derivation of the Black-Scholes equation involves the use of Ito’s Lemma and the concept
of a risk-neutral portfolio. Consider a stock whose price S(t) follows the stochastic differential
equation:

dS = µSdt+ σSdW (2.1)

where:

• µ is the drift rate of the stock.

• σ is the volatility of the stock.

• W is a Wiener process or Brownian motion.

Definition 2.1: Call and Put Options

• Call Option: Gives the holder the right (but not the obligation) to buy an asset
at a predefined date and price (strike price).

• Put Option: Gives the holder the right (but not the obligation) to sell an asset
at a predefined date and price (strike price).

Under the black and scholes assumptions we the PDE of the price of an European Call :

Theorem 2.2: Black and Scholes PDE

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC (2.2)
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Proof for Theorem.

Using Ito’s Lemma we get :

dC =
∂C

∂t
dt+

∂C

∂S
dS +

1

2

∂2C

∂S2
σ2S2dt (2.3)

Substituting dS into the equation, we get:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (2.4)

This can be rearranged to:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (2.5)

We form a risk-free portfolio by holding a position in the stock and an option. The
change in the value of the portfolio is:

Π = −C +∆S (2.6)

The change in the portfolio value is:

dΠ = −dC +∆dS (2.7)

Substituting dC and dS, and choosing ∆ = ∂C
∂S

, we get:

dΠ = −
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
dt (2.8)

For the portfolio to be risk-free, dΠ must earn the risk-free rate r:

−
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
= r

(
−C +

∂C

∂S
S

)
(2.9)

Simplifying, we get the Black-Scholes partial differential equation:

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC

■

3 Solution to the Black-Scholes Equation for Call Options

To solve the Black-Scholes equation, we apply the boundary condition for a European call
option:

C(S, T ) = max(ST −K, 0) (2.10)

where K is the strike price and T is the time to expiration.
Using the method of transforming variables, we obtain the solution for a call option:
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Theorem 3.1: Black and Scholes formulas

The price of a call under black and scholes model is :

C(S, t) = SΦ(d1)−Ke−r(T−t)Φ(d2) (2.11)

where:

d1 =
ln
(
S
K

)
+
(
r + σ2

2

)
(T − t)

σ
√
T − t

(2.12)

d2 = d1 − σ
√
T − t (2.13)

and Φ is the cumulative distribution function of the standard normal distribution.

Proof for Theorem.

Left exercise for reader. ■

4 Solution to the Black-Scholes Equation for Put Options

Similarly, for a European put option, the boundary condition is:

P (S, T ) = max(K − ST , 0) (2.14)

The solution for a put option is given by:

P (S, t) = Ke−r(T−t)Φ(−d2)− SΦ(−d1) (2.15)

5 Greeks in the Black-Scholes Model

The Greeks are sensitivities of the option price to various factors:

5.1 Delta

Delta measures the sensitivity of the option price to changes in the underlying asset price:

∆C =
∂C

∂S
= Φ(d1) (2.16)

∆P =
∂P

∂S
= Φ(d1)− 1 (2.17)

5.2 Gamma

Gamma measures the sensitivity of delta to changes in the underlying asset price:
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Γ =
∂2C

∂S2
=

Φ′(d1)

Sσ
√
T − t

(2.18)

5.3 Theta

Theta measures the sensitivity of the option price to the passage of time:

ΘC = −SΦ′(d1)σ

2
√
T − t

− rKe−r(T−t)Φ(d2) (2.19)

ΘP = −SΦ′(d1)σ

2
√
T − t

+ rKe−r(T−t)Φ(−d2) (2.20)

5.4 Vega

Vega measures the sensitivity of the option price to changes in volatility:

ν =
∂C

∂σ
=

∂P

∂σ
= S

√
T − tΦ′(d1) (2.21)

5.5 Rho

Rho measures the sensitivity of the option price to changes in the risk-free interest rate:

ρC = K(T − t)e−r(T−t)Φ(d2) (2.22)

ρP = −K(T − t)e−r(T−t)Φ(−d2) (2.23)

6 Numerical Examples

Example : Call Option Pricing
Consider a European call option with S = 100, K = 100, r = 0.05, σ = 0.2, and T = 1
year. Using the Black-Scholes formula, we calculate the call option price. ■

7 Conclusion

The Black-Scholes model is a fundamental tool in financial markets for pricing options. It
provides insights into the behavior of option prices and the factors that affect them. Under-
standing the model and its derivations is crucial for anyone involved in finance.
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The Black-Scholes model is a mathematical
model for pricing an options contract. The
model was developed by Fischer Black, My-
ron Scholes, and Robert Merton in the early
1970s and is a cornerstone of modern finan-
cial theory. The Black-Scholes model pro-
vides a closed-form solution for the price of
European call and put options.
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1 Assumptions of the Black-Scholes Model

The Black-Scholes model is based on several assumptions:

Assumption 1.1: The assumptions of Black-Scholes model

1. The stock price follows a geometric Brownian motion with constant drift and
volatility.

2. There are no arbitrage opportunities.

3. The markets are frictionless, with no transaction costs or taxes.

4. The risk-free interest rate is constant and known.

5. The options can only be exercised at expiration (European options).

2 Derivation of the Black-Scholes Equation

The derivation of the Black-Scholes equation involves the use of Ito’s Lemma and the concept
of a risk-neutral portfolio. Consider a stock whose price S(t) follows the stochastic differential
equation:

dS = µSdt+ σSdW (3.1)

where:

• µ is the drift rate of the stock.

• σ is the volatility of the stock.

• W is a Wiener process or Brownian motion.

Definition 2.1: Call and Put Options

• Call Option: Gives the holder the right (but not the obligation) to buy an asset
at a predefined date and price (strike price).

• Put Option: Gives the holder the right (but not the obligation) to sell an asset
at a predefined date and price (strike price).

Under the black and scholes assumptions we the PDE of the price of an European Call :

Theorem 2.2: Black and Scholes PDE

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC (3.2)
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Proof for Theorem.

Using Ito’s Lemma we get :

dC =
∂C

∂t
dt+

∂C

∂S
dS +

1

2

∂2C

∂S2
σ2S2dt (3.3)

Substituting dS into the equation, we get:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (3.4)

This can be rearranged to:

dC =

(
∂C

∂t
+

∂C

∂S
µS +

1

2

∂2C

∂S2
σ2S2

)
dt+

∂C

∂S
σSdW (3.5)

We form a risk-free portfolio by holding a position in the stock and an option. The
change in the value of the portfolio is:

Π = −C +∆S (3.6)

The change in the portfolio value is:

dΠ = −dC +∆dS (3.7)

Substituting dC and dS, and choosing ∆ = ∂C
∂S

, we get:

dΠ = −
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
dt (3.8)

For the portfolio to be risk-free, dΠ must earn the risk-free rate r:

−
(
∂C

∂t
+

1

2

∂2C

∂S2
σ2S2

)
= r

(
−C +

∂C

∂S
S

)
(3.9)

Simplifying, we get the Black-Scholes partial differential equation:

∂C

∂t
+ rS

∂C

∂S
+

1

2
σ2S2∂

2C

∂S2
= rC

■

3 Solution to the Black-Scholes Equation for Call Options

To solve the Black-Scholes equation, we apply the boundary condition for a European call
option:

C(S, T ) = max(ST −K, 0) (3.10)

where K is the strike price and T is the time to expiration.
Using the method of transforming variables, we obtain the solution for a call option:
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Theorem 3.1: Black and Scholes formulas

The price of a call under black and scholes model is :

C(S, t) = SΦ(d1)−Ke−r(T−t)Φ(d2) (3.11)

where:

d1 =
ln
(
S
K

)
+
(
r + σ2

2

)
(T − t)

σ
√
T − t

(3.12)

d2 = d1 − σ
√
T − t (3.13)

and Φ is the cumulative distribution function of the standard normal distribution.

Proof for Theorem.

Left exercise for reader. ■

4 Solution to the Black-Scholes Equation for Put Options

Similarly, for a European put option, the boundary condition is:

P (S, T ) = max(K − ST , 0) (3.14)

The solution for a put option is given by:

P (S, t) = Ke−r(T−t)Φ(−d2)− SΦ(−d1) (3.15)

5 Greeks in the Black-Scholes Model

The Greeks are sensitivities of the option price to various factors:

5.1 Delta

Delta measures the sensitivity of the option price to changes in the underlying asset price:

∆C =
∂C

∂S
= Φ(d1) (3.16)

∆P =
∂P

∂S
= Φ(d1)− 1 (3.17)

5.2 Gamma

Gamma measures the sensitivity of delta to changes in the underlying asset price:
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Γ =
∂2C

∂S2
=

Φ′(d1)

Sσ
√
T − t

(3.18)

5.3 Theta

Theta measures the sensitivity of the option price to the passage of time:

ΘC = −SΦ′(d1)σ

2
√
T − t

− rKe−r(T−t)Φ(d2) (3.19)

ΘP = −SΦ′(d1)σ

2
√
T − t

+ rKe−r(T−t)Φ(−d2) (3.20)

5.4 Vega

Vega measures the sensitivity of the option price to changes in volatility:

ν =
∂C

∂σ
=

∂P

∂σ
= S

√
T − tΦ′(d1) (3.21)

5.5 Rho

Rho measures the sensitivity of the option price to changes in the risk-free interest rate:

ρC = K(T − t)e−r(T−t)Φ(d2) (3.22)

ρP = −K(T − t)e−r(T−t)Φ(−d2) (3.23)

6 Numerical Examples

Example : Call Option Pricing
Consider a European call option with S = 100, K = 100, r = 0.05, σ = 0.2, and T = 1
year. Using the Black-Scholes formula, we calculate the call option price. ■

7 Conclusion

The Black-Scholes model is a fundamental tool in financial markets for pricing options. It
provides insights into the behavior of option prices and the factors that affect them. Under-
standing the model and its derivations is crucial for anyone involved in finance.
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